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Abstract

Diameter distributions are an important factor in stand characterization because the diameter is generally
correlated with other variables such height, volume, and biomass, and this makes it possible to know what kind
products can be harvested from forests. The objective of this research was to develop a strategy to fit the
Weibull, Beta and SB Johnson PDFs and reconstruct (modeling) the future diameter distribution with the
parameter recovery method. In the first phase, the goodness-of-fit of three probability distribution functions, or
PDFs, (Weibull, Johnson’s SB, and Beta) was evaluated using the moments and the maximum likelihood
methods to estimate the distribution parameters of 2 252 temporary sampling plots distributed in natural forests
in Pueblo Nuevo, Durango, Mexico. In general, the best results in terms of accuracy and parsimony during the
model fitting evaluated with the average bias and the root mean square error were obtained with Weibull’s PDF,
fitted with the moments method was the best, while Johnson’s SB and Beta were ranked in second and third
position, respectively. Therefore, the two-parameter Weibull's PDF was selected to describe the diameter
distributions of the studied forest stands. The parameter recovery method suggested that 62 % of evaluated
sampling plots followed a Weibull distribution with a significance level of 20 % in the Kolmogorov-Smirnov test.

Key words: Diametric distribution, two-parameter Weibull function, mixed stands, moments method,
parameter recovery, sampling plots.

Resumen

Las distribuciones diamétricas son un factor importante en la caracterizacién del rodal, ya que el didametro,
generalmente, estad correlacionado con otras variables de interés como la altura, volumen, biomasa, etcétera,
esto permite conocer el tipo de productos que pueden obtenerse del bosque. El objetivo de la presente
investigacion fue desarrollar una estrategia para ajustar las FDP Weibull, Beta y Sg Johnson, asi como
reconstruir (modelacidn) la distribucidn diamétrica futura con el método de recuperaciéon de parametros. En una
primera etapa, se estudid comparativamente la calidad de ajuste de tres funciones de distribucion de
probabilidad (FDP: Weibull, Sg Johnson y Beta) mediante los métodos de momentos y maxima verosimilitud
para recuperar los pardmetros y describir la distribucién diamétrica de 2 252 parcelas temporales de muestreo
ubicadas en bosques naturales de Pueblo Nuevo, Durango, México. En general, los mejores resultados en
términos de precisién y parsimonia en la etapa de ajuste, evaluados mediante el sesgo medio y la Raiz del Error
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Medio Cuadratico, se obtuvieron con la FDP Weibull ajustada con el método de los momentos; mientras que las
distribuciones Sg Johnson y Beta se ubicaron en segundo y tercer lugar, respectivamente. Por tanto, la FDP
Weibull biparamétrica fue seleccionada para modelar las distribuciones diamétricas de los rodales estudiados. La
técnica de la recuperacién de pardmetros evidencié que 62 % de las parcelas modeladas siguen una distribucion
tedrica tipo Weibull con 20 % de nivel de significancia en la prueba de Kolmogorov-Smirnov.

Palabras clave: Distribucion diamétrica, funcidn Weibull biparamétrica, masas mixtas, método de momentos,
recuperacion de parametros, sitios de muestreo.

Introduction

Natural forests with a cold temperate climate in the state of Durango are located in
the Western Sierra Madre (WSM); they occupy an extensive territorial strip that
covers almost half the state from northwest to southeast, having contributed on
average 30.2 % (2.5 million m3) of the total timber production in Mexico during
2017 and 2018 (Semarnat, 2021). According to Gonzalez-Elizondo et al. (2012), 21
species of the Pinus genus are registered in these forests, representing around 20
% of all existing pine taxa in the world and 43 Quercus taxa. Cupressus, Juniperus,
Fraxinus, Arbutus, Abies, Pseudtsuga and Alnus species are also present, in smaller
proportions. Most of the forest stands correspond to an irregular structure, with a

mixture of Pinus and Quercus taxa, mainly.

Sustainable forest management requires information on the distribution of the
number of trees by stand diameter class, which is necessary to predict the volume
of the stand and its distribution by type of products. In addition, it provides data on
stand stability and structure, useful characteristics in the prescription of forestry

treatments (Gorgoso-Varela et al., 2020).

The use of probability density functions (PDFs) to estimate the number of trees per

diameter class, together with the measurement of some stand variables (dominant
76



Revista Mexicana de Ciencias Forestales Vol. 13 (73)
Septiembre - Octubre (2022)

height, mean height, basal area, etc.), is useful to reduce the costs of forest
inventories and improve the predictions of existing growth models. Some PDFs have
been adequately used to describe and predict the diameter structure of forest
stands: Beta, Gamma, Normal, Weibull, Sg Johnson, and in recent years, Logit-
Logistic (Ogana, 2020). However, given that these functions utilize different
parameter estimation techniques, different goodness-of-fit statistics, and different
data, it is very likely that all of these have led to different conclusions. Therefore,
there is no theoretical reason why there should be only one PDF for all possible

situations (Wang and Rennolls, 2005).

The purpose of accurately modeling the diameter distribution of the stand, is to
estimate the parameters of the PDF that determines the frequency by diameter
class at a specific point in time (age or a particular year). Therefore, the parameters
of the PDF can be estimated by two methods: (i) explicitly through parameter
prediction, e.g., based on linear models; and (ii) with the indirect parameter
recovery technique, which does not directly predict the parameters of the PDF, but
whereby the functions estimate parameters that are directly related to the
distribution, for example: central moments, non-central moments or a set of

percentiles (Hyink and Moser, 1983).

Today, there are studies that compare the accuracy achieved with parameter
prediction and recovery methods (Maldonado and Navar, 2002; Cao, 2004; Palahi et
al., 2006; lJiang and Brooks, 2009); however, they have been developed in
plantations and forest stands with one or two species. Therefore, few studies have
been cited for the natural forests of the Western Sierra Madre, where there is a
large mix of species (Corral-Rivas et al., 2015); hence the importance of studying
methodologies to evaluate different alternatives for implicit modeling of growth and

volume yield per unit area in the natural forests of southwestern Durango, Mexico.
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The objective of the present contribution was to develop a strategy to adjust the
Weibull, Beta and Sg Johnson PDFs, as well as to reconstruct (modeling) the future

diameter distribution with the parameter recovery method.

Materials and Methods

Study area

The study area was the La Victoria ejido, located in the southwest of the state of
Durango, Mexico, between 105°25'39.465" W and 23°43'53.022" N. The altitude
above sea level fluctuates between 2 400 and 2 850 m. The predominant climate is
semi-cold temperate, with summer rains. The average annual rainfall varies from
900 to 1 200 mm, and the average annual temperature varies from 5 to 18 °C
(Garcia, 2004). The forests are made up of species of the Pinus, Quercus,
Juniperus, Cupressus, Pseudotsuga, Arbutus and Alnus genera, which form mixed

and irregular structures.

Data

78



Revista Mexicana de Ciencias Forestales Vol. 13 (73)
Septiembre - Octubre (2022)

Data were collected in 2017, during the timber forest management inventory, from
2 252 temporary sampling sites with a circular shape and a surface area of 0.10 ha
each, located in the La Victoria €jido, in the municipality of Pueblo Nuevo, Durango,
using a stratified systematic sampling design. A surface area of 10 876 ha divided
into 518 management units (stands), was covered. The database included records
of eight species of conifers: Pinus cooperi C. E. Blanco, P. durangensis Martinez, P.
leiophylla Schiede ex Schltdl. & Cham., P. teocote Schied. ex Schltdl. & Cham., P.
engelmannii Carriere, P. strobiformis Engelm., P. herrerae Martinez y Juniperus
deppeana Steud.; and eight species of broadleaves: Alnus acuminata Kunth,
Arbutus bicolor S. Gonzéalez, M. Gonzalez & P. D. Sgrensen, Quercus durifolia
Seemen ex Loes., Q. sideroxyla Bonpl., Q. obtusata Bonpl., Q. coccolobifolia Trel.,

Q. viminea Trel. y Q. candicans Née.

For each tree with a normal diameter equal to or larger than 7.5 cm, the normal
diameter was measured at 1.3 m (d, cm) with model 122450 Ben Meadows®
diameter tapes; the total height of the tree (h, m) and of the stem without branches
(h, m) was measured with the model Pm5/360pc SUUNTO® clinometer. These data
were used to estimate the following variables: number of trees per hectare (N, trees
ha'1), basimetric area (G, m? hal), root mean square diameter (dg, cm), dominant
height and diameter, estimated as the average of the 100 largest trees per hectare
(Ho, m and Do, cm, respectively) (Assmann 1970). Table 1 shows the main

descriptive statistics of the database utilized in the adjustment of the PDFs.

Table 1. Summary of the database used in the adjustment and modeling of

diametric distributions.

Variable Mean Interval
Normal diameter (d, cm) 19.6 7.9-64.9
Total height (h, m) 10.2 6.5-15.0
Normal diameter asymmetry coefficient (cm) 1.2 -0.2-4.0
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Kurtosis coefficient of the normal diameter (cm) 4.4 1.5-22.6

Dominant height (Ho, m) 17.9 12.7-25.4

Dominant diameter (Do, m) 39.1 28-50.3

Root Mean Squared Diameter (d,) 22.3 15.8-28.6

Basimetric area per hectare (G, m?) 24.5 13-38.3

Number of trees per hectare (N) 630.6 400-1 303
Models

Adjustment of the PDFs

The goodness of fit of three of the most widely used PDFs in forestry was tested

(Gorgoso et al., 2012; Ogana, 2020), which are described below.

Two-parameter Weibull PDF

The two-parameter Weibull PDF has the following expression (Bailey and Dell, 1973):

r0) =) e Fa=1-0 )
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Where:

F(x) = Cumulative relative frequency of the random variable x

b and ¢ = Scale and shape parameters, respectively

The parameters of the Weibull PDF were estimated by two methods: (i) maximum

likelihood, and (ii) moments.

Maximum Likelihood (ML)

The commonly used method for estimating the parameters of the Weibull PDF with
good estimates is ML, compared to other procedures (Sghaier et al., 2016).
According to Nanos and Montero (2002), parameters b and c are solved with the

following expressions:

o= Rtimleg(x) (2)
=171

=[] )

Where:
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n = Number of observations

xi = Normal diameter of each tree

The value of parameter ¢ was calculated with Equation 2 using an iterative

procedure, then the value of parameter b was obtained with Equation 3.

Moments Method (MM)

The MM consists of relating the parameters b and c of the Weibull PDF with the first and
second moments of the diameter distribution (mean diameter and variance). Lei (2008)

indicates that the parameters b and c are solved with the following expressions:

Where:

d and ¢ = Mean diameter and variance of the distribution, respectively

I'(/) = Gamma function tabulated as (i-1)!
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The value of parameter ¢ in Equation 4 was estimated with an iterative procedure,

after which the value of parameter b was obtained with Equation 5.

Sg Johnson PDF

The Sg Johnson PDF has the following expression (Johnson, 1949):

i e-g[m :,I[Ef_;fx}]“

fO) == (6)

Zm (x—s)(s+d—x)

e<x<e+ A 61>0; o<y <o; —O<g< O

Where:
f(x) = Relative frequency of the random variable x

e, A = Location and scale parameters, respectively
v, § = Shape parameters expressing skewness and kurtosis, respectively

In = Natural logarithm of base 10

The parameters of the Sg Johnson PDF were determined by the moments method (MM)

(Soares et al., 2003); the value of the location parameter was considered (£) as the

minimum diameter of the distribution and the value of the scaling parameter (1) as the

83



Vega et al, Modelling diameter distribution...

difference between the maximum and minimum value of the distribution (interval);

while the shape parameters (4, y) were estimated with the following expressions:

‘,j:wii—m_i_Sd'ixl'[ 1 —8] (7)

Sdix) 4 luli—up)

Where:

p=(d—2e/a
d = Average diameter of the distribution

Sd(x) = Standard deviation of the distribution

Beta PDF

The general expression of the Beta PDF for a continuous random variable is as follows:

fl)=clx—e)*(A—x)"; e< x<i(e+4)  (9)

Where:
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Relative frequency of the random variable x

f(x)

g, A = Location and scale parameters, respectively

¢ = Function scale factor

a, ¥ = First and second exponents that determine the shape of the distribution,

respectively

The parameters of the Beta PDF were calculated using the moments method

(Loetsch et al., 1973). The parameters were estimated based on the first and

second moments of the distribution (arithmetic mean diameter d and variance s2,

respectively), by means of the following expressions:

_ Z
y = .s;'Z+‘.'-‘_1 (10)

Z+1

a=Z(y+1)—1 (11)

Where:

z=7= (12)
x, =25 (13)
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2= (14)

(A—zs)2

Parameter c is calculated as follows:

Where:

1 _ =g+ d)2Y Pla+al Tloty)d
e (15)
IF{x—=)"(A—x)¥ dax f } riz+aty)

—E+A

(/) = Gamma function tabulated as (i-1)!

The parameters of the PDFs were obtained using the mledist function of the

fitdistrplus package (Delignette-Muller y Dutang, 2015) implemented in R (R Core

Team, 2020).

Evaluation of PDFs

The analysis of the PDFs' ability to fit was based on numerical and graphical

comparisons of the errors (residuals). The statistics used for evaluating goodness-

of-fit were as follows: (i) average bias (AB), whose optimal value is zero, implying

that the deviations between the actual and predicted values are compensated for

the total of the analyzed data, and (ii) Root Mean Square Error (RMSE), which is an

indicator of accuracy: the lower the value, the smaller the difference between actual
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and predicted values (Gorgoso-Varela et al., 2020). The corresponding

mathematical expressions are as follows:

EE":._[F':IE:'—FH':I[:']

SM = (16)
[E1  (Fla)—Flx))
RMSE = |-=2 L I (17)
A n—p
Where:
F(x,)and F(x,) = Number of observed (actual value) and estimated trees,

respectively, in diameter class i

Number of observations

n

p = Number of parameters of the PDF

AB and RMSE values were estimated for each PDF as the average of the relative
frequencies of each diameter class (tabulated in 2 cm classes) for each sampling
site and stand. The Kolmogorov-Smirnov (KS) test was used to validate whether the
empirical and theoretical cumulative frequencies are similar (Sokal and Rohlf,
2012). The most notable maximum difference in absolute value between the two

frequencies is given by the value of D, in the following expression:

D, = Maximo|F(x,)— F*(x); €0<i<n (18)

Where:
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F(xi) and F"(x;)) = Cumulative empirical and theoretical distribution, respectively

The value of D, is compared to the one obtained from a table according to the

number of data (n) and the chosen significance level (a=20 %).

Modeling of PDF parameters

The parameters of the future distribution were estimated using the moments
method of Shifley and Lentz (1985), so that the parameters of the PDF are directly
related to the moments of first and second order with respect to the origin; i.e. the

average diameter [E) and the variance (s%). In turn, the latter is related to the root

mean square diameter of the stand (dg). The dg value of the stand at any given age
(years) can be estimated based on the values of density (N, trees ha!) and basal

—
(45

ﬂql m-N

area (G, m? ha'l) [d, = ], obtained from the models to be built for the species

present in the stand. However, since the value of d cannot be obtained directly from
the stand variables, a relationship between dy; and stand variables was adjusted.
Given that the dy is always equal to or greater than d, a mathematical model

was used to reduce the bias generated by the use of the originally estimated dg

[d = d, —exp(f-X)], where X is a matrix of stand variables that characterize the

state of the stand at any age and can be calculated using a static or dynamic

stand model; g is the vector of parameters to be estimated. Once the value of
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the stand’s 4 and d, has been determined, the variance (s*) (second order

moment of the distribution with respect to the mean) is calculated by means of

the mathematical relation: s* = d? — d (Frazier, 1981).

In the case of the Sg Johnson and Beta PDFs, the parameter recovery using the
moments method required fitting another equation that related the maximum
diameter of the distribution to the stand variables estimated from the growth

models [d,.. = (F-X)]. With these equations, it will be possible to use the
relationships to estimate i, y, and &, assuming that the location parameter =

corresponds to the minimum inventoriable diameter, which in this case is zero
(Gorgoso et al., 2012).

Results and Discussion

Adjustment and evaluation of the PDFs

Table 2 presents the statistics used to evaluate the quality of the fit, as well as
the number and percentage of sampling sites that passed the KS test for the

evaluated PDFs.

Table 2. Goodness-of-fit of the probability density functions (PDFs) evaluated in the
adjustment step.
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PDF AB RMSE KS (n) KS (%)
Weibull (MM) 0.10 0.29 1 595 70.8
Weibull (ML) 0.10 0.30 1 509 67.0
Ss Johnson 0.11 0.30 1351 60.0
Beta 0.16 0.96 742 32.9

AB = Average bias (cm); RMSE = Root mean square error; KS (n) and KS (%) =
Number and percentage of plots that passed the Kolmogorov-Smirnov test out of a total

of 2 252, respectively; MM = Moments method; ML = Maximum likelihood method.

The statistics reveal a significant difference between the ability of the Weibull PDF to
fit the Beta and Sg Johnson PDFs. This was demonstrated by the lower AB and RMSE
values in all diameter classes and the higher percentage of sample sites passing the
KS test at a significance level of 20 %. This gives a clear idea of the validity of using
this distribution to adequately describe the wide range of shapes shown by the
diameter distributions for this type of forest stands. Pece et al. (2000) suggest that
the 20 % significance level of the KS test is the most demanding, as it reduces the

minimum deviations for non-rejection of concordance.

The results reflect the flexibility and parsimony of the Weibull PDF because it only
requires the estimation of two parameters, compared to the four that have to be
estimated for the Beta and Sg Johnson PDFs. Several authors also cite the flexibility
of the Weibull PDF to describe a wide range of unimodal distributions (j-inverted,
exponential and normal), furthermore, they highlight its ability to be expressed in
its closed form, as a cumulative distribution function (mathematical simplicity)
(Bailey and Dell, 1973; Reynolds et al., 1998; Maldonado and Navar, 2002; Liu et
al., 2004; Palahi et al., 2006; Lei, 2008; Pogoda et al., 2019).

When analyzing the Weibull PDF adjustment methodologies, a marginal gain was
observed in the number of plots that passed the KS test by using the MM (70.8 %),

in contrast to the ML method (67.0 %). In this regard, papers such as the one by
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Corral-Rivas et al. (2015) confirm the suitability of the Weibull PFD adjustment
according to the MM, compared to four alternative methodologies evaluated for the
mixed and patchy forests of northwestern Durango. For their part, Sun et al. (2019)
recommend estimating the parameters of this distribution with the method of

moments and nonlinear regression for mixed and irregular masses in China.

For the detection of some kind of systematic pattern, the behavior of the PDFs was
analyzed based on the evolution of the AB and RMSE in the prediction of the

number of trees per diameter class (Figure 1).
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Figure 1. Evolution of the average bias and Root mean squared error (RMSE) in the

prediction of trees by diameter class of the PDFs evaluated at the adjustment stage.

Figure 1 shows that the Sg Johnson PDF exhibited the highest AB and RMSE values in
the smaller diameter classes, indicating that it underestimates the frequencies in the
smaller diameter classes and overestimates in the diameter classes above 45 cm.
The Beta PDF also underestimates the lower frequencies and overestimates the
intermediate frequencies (30-40 cm), improving its accuracy from the 45 cm
diameter class upwards. Finally, the estimation of the frequencies with better

precision over the whole interval of the observed diameter classes to have a very
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similar trend was achieved by adjusting the Weibull PFD according to the MM and
the ML method.

When comparing the MM and ML adjustment methods of the Weibull PDF, we
observed that there are no significant differences between the values of the
goodness-of-fit statistics or their behavior in the prediction of the frequencies in the
whole interval of the diameter classes. In their studies in northwestern Durango,
Mexico and northwestern Spain, respectively, Gorgoso et al. (2012) and Quifonez
et al. (2015) obtained the best results with the MM and ML adjustment methods.
Therefore, in order to select the Weibull PDF fitting methodology, the number of
excluded plots was analyzed with the KS test, it was determined that the MM was
slightly larger (70.8 %), therefore, the rest of the analyses are limited to this
function with the parameters estimated with the MM for the modeling of the stand

diameter distributions at any time interval.

Modeling of the diameter distribution

The estimation of the parameters (scale and shape) of the Weibull PDF using the
parameter recovery methodology with the MM, exhibited simplicity and yielded
desirable results according to the values of the evaluated goodness-of-fit statistics.
Of the total number of sampling sites, 62 % passed the KS test at a significance
level of 20 % (1 394 sampling sites). This result validates the Weibull PDF as
suitable for adequately describing the wide range of shapes observed in the
diametric distributions of forests under forest management at any stage of their
development. Similar results were obtained by Siipilehto and Mehtatalo (2013), who

compare methodologies for parameter recovery and prediction of the two-parameter
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Weibull PDF in Pinus sylvestris L. stands in Finland; they demonstrated that
parameter recovery provides better compatibility with stand characteristics,
especially as it estimates the volume per diameter class with greater precision.
Furthermore, Quifionez et al. (2015) show that in the case of incoetaneous masses
with a mixture of species, the use of the MM for the recovery of the parameters of

the Weibull PDF yields more accurate results.

Since the mean diameter of a stand is always less than or equal to its root mean
square diameter, the adjustment relationship must meet this compatibility
condition. For this purpose, it was determined that the mathematical model that

meets this constraint has the following structure:

d=d, —exp(By+ By * N+ B,*G+ By *RS) (19)

Where:

dy = Root mean square diameter (cm)
N = Number of trees per hectare

G = Basimetric area (m? ha'1)

RS = Relative spacing index (%)

Bi = Parameters to be estimated

The fit of Equation 19 was good, given that the values of the coefficient of
determination (R?) and of the RMSE were 0.933 and 0.722 cm, respectively. Table 3

shows the estimated values of the parameters with Equation 19.

Table 3. Parameters estimated with the mean stand diameter prediction model.
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Parameter Estimator Standard t for HO Prob>F
error (Parameter=0)
Bo 0.69223 0.06014 11.51 0.0001
B1 -0.00085 0.00008 -11.08 0.0001
B2 0.01293 0.00217 5.96 0.0001
B3 0.02963 0.00379 7.82 0.0001

Figure 2 shows the validation process derived from the representation of the
evolution of the average bias and the Root Mean Square Error by diameter classes

obtained in the adjustment and modeling stage of the Weibull PDF.

N Adjustment Lo
’ Modeling ’ Adjustment

= = = Modeling

T T T 1

Average bias
[N
|
=
RMSE

T T T T T 1

10 15 20 25 30 35 40 45 50 55 60 65 101520 2530 3540 45 50 5560 65
Normal diameter (cm) Normal diameter (cm)

Figure 2. Evolution of the average bias and the root mean square error by diameter

class with the Weibull PDF in the fitting and modelling phase.

Figure 2 compares the error in terms of the number of predicted trees per diameter
class, showing that the largest deviations overestimate and are located in the
diameter classes below 15 cm. The reason may be the result of the influence of
silvicultural interventions and the effect of competition on young stands with different

species mixtures. This same behavior was observed by Corral-Rivas et al. (2015) for
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conifer and broadleaf stands in northeastern Durango, Mexico. Therefore, since these
are stands with the highest number of trees per unit area, any change in their
structure increases their variation. In this regard, Sandoval et al. (2012) conclude
that the accuracy in the prediction of diameter structures with the Weibull PDF

increases with the age of the plantation of three dendroenergetic species in Chile.

The results of the present study are very similar to those documented by Sun et al.
(2019) for mixed and patchy stands in China, where the intermediate clear-cutting

of Pinus tabulaeformis Carriére resulted in stands with a bimodal distribution.

Conclusions

The methodology selected to estimate the parameters of the (two-parameter)
Weibull PDF allows estimating with adequate precision the category corresponding
to the number of trees per diameter at the unit area level. The recovery of
parameters of the Weibull PDF with the moments method is efficient and suggests
that the diameter structures have a unimodal behavior and can be used to estimate
the products that will be obtained from the forest at a given time (age), therefore it
represents a useful silvicultural tool for planning a sustainable forest management
of mixed and irregular stands in southwestern Durango, Mexico. The parsimony
(simplicity) of the PDF is a desirable feature to implement in an empirical model

with sufficient potential to be of practical use in the study area.

Notably, at the modeling stage, a percentage of the masses studied (38 %) did not
pass the KS test; this affords an opportunity for future work on the study of bimodal

distribution functions to cover this type of structures.
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